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COMPLEMENTARITY-BASED MULTI-LEVEL DISCRIMINATIVE
FEATURE SPACE CONSTRUCTION

*Khandamov Y.Kh.

*yxandamov@gmail.com
Digital Technologies and Artificial Intelligence Development Research Institute, Tashkent,
Uzbekistan.

Abstract. Conventional multi-level feature fusion mechanisms in deep neural networks often fail to explicitly
separate novel, complementary information from features already formed at preceding layers, introducing
representational redundancy. This paper proposes a theoretical framework for Complementarity-Guided Multi-
Level Discriminative Representation Learning (CLCD-RL). Representations extracted across network levels are
mapped into a common space and decomposed into retained and complementary components via an orthogonal
subspace projection mechanism. A task-aware gating function regulates residual contributions, while a
supervised discriminative objective enforces intra-class compactness and inter-class separability. The theoretical
and algebraic formulation establishes key conditions under which complementary features enhance
discriminative power, providing a solid analytical foundation for hierarchical feature representations.

Keywords: deep learning, multi-level feature representation, discriminative learning, complementary features,
orthogonal projection, feature redundancy, hierarchical representation, neural networks.

1 Introduction

The effectiveness of modern image recognition systems largely depends on their ability to
construct informative and discriminative representations of input data. In conventional machine
learning, feature extraction frequently relies on manually designed descriptors representing intensity
distributions, textures, geometric structures, and statistical characteristics. Although such approaches
provide interpretable information, their performance depends considerably on the quality of the
selected descriptors and their correspondence to the classification problem.

Deep learning has substantially changed the feature extraction paradigm by enabling hierarchical
representations to be learned directly from data. In convolutional neural networks, successive
transformations construct increasingly abstract descriptions of input objects. Initial layers primarily
capture local spatial structures, edges, and textures, while intermediate and deeper layers represent
combinations of these structures and more complex semantic characteristics.

The development of residual neural networks demonstrated that deep hierarchical representations
can be effectively learned through residual connections [1]. Similarly, Feature Pyramid Networks
established the importance of combining representations extracted at different spatial resolutions [2].
These approaches demonstrated that information from different network levels may contribute to the
recognition process.

However, the availability of multiple feature levels does not guarantee that their combination
produces an optimal discriminative representation. Features extracted from different neural network
layers frequently contain correlated or overlapping information. A feature represented at an
intermediate level may partially reproduce information already available at a preceding level.
Conversely, deeper layers may contain additional characteristics that improve the distinction between
visually similar classes.

Conventional multi-level fusion mechanisms commonly employ concatenation, element-wise
addition, weighted averaging, or attention-based integration. Although these operations provide
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practical mechanisms for combining representations, they do not necessarily distinguish previously
encoded information from complementary characteristics.

This limitation becomes particularly important when feature vectors have high dimensionality.
Unrestricted combination of multiple representations may increase the number of parameters,
produce unnecessary duplication, and complicate the optimization process. Furthermore, feature
diversity alone does not imply discriminative usefulness. A component that differs from existing
representations may describe irrelevant variations, such as illumination changes, background
patterns, or noise.

Several approaches have been proposed to improve the quality of learned representations.
Supervised contrastive learning encourages compactness among samples belonging to the same class
while increasing separation between different classes [3]. Center loss introduces a compactness
criterion into deep feature learning [4]. Barlow Twins [5] and VICReg [6] address statistical
redundancy and representation collapse through covariance-related regularization mechanisms.
Centered Kernel Alignment provides a means of investigating similarities between neural
representations [7].

Despite these developments, an important methodological question remains: how can new
feature components be incorporated into a hierarchical representation while explicitly
accounting for information already retained from preceding levels?

The present research investigates this problem by introducing a complementarity-guided
formulation of multi-level discriminative feature learning.

The principal objective is to develop a mathematical framework that combines hierarchical
feature extraction, subspace-based redundancy analysis, complementary component formation, and
supervised discriminative optimization.

The proposed contribution is not the invention of orthogonal projection, attention, or
discriminative losses individually. Rather, it is their explicitly defined integration into a sequential
feature construction procedure that distinguishes geometric complementarity from task-dependent
discriminative usefulness.

2 Related Work and Problem Formulation

2.1Multi-level feature representation in deep neural networks

Deep neural networks can be considered hierarchical transformation systems in which each layer
forms a representation of the input data.

Let the labeled dataset be defined as

D = {(xy ¥ 3o,
where x; € X denotes an input image, y; € {1, ..., C} represents its class label, N is the number of
samples, and C is the number of classes.

Consider a deep neural network consisting of L feature extraction levels. The representation
generated at the [-th level is

FI(X) = El(Fl—l(x))' l= 1, ...,L,
where E; denotes the transformation performed by the corresponding neural network level and
Fo(x) = x.

The feature tensors may have different spatial resolutions and channel dimensions. Consequently,
direct mathematical comparison requires them to be transformed into a common representation space.
Let P, denote a pooling and projection operator associated with the [-th level. The aligned feature
representation is defined as

hy(x) = Pl(Fl(x)): h(x) € R? (D

Here, d represents the dimensionality of the common feature space. The operator P; may include
spatial pooling, linear projection, normalization, or their combination. Its parameters are learned
using the training data.

The resulting multi-level representation is described by the collection
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H(x) = {he(x), hy (%), ..., hy, (x)}.
A conventional concatenation strategy forms the combined representation as
Zeoncat(X) = [y (x)T» h, (x)T' e by (x)T]T-
Its dimensionality is Ld, assuming that every aligned vector contains d components.
Alternatively, weighted fusion constructs

L

Zweighted(x) = Z a; ()hy (%),
1=1
where a; (x) represents a learned contribution coefficient.

Although these strategies combine information from several levels, they do not explicitly identify
whether the information introduced at a particular level is already represented by previously retained
feature directions. This motivates the introduction of a mechanism that distinguishes inherited and
complementary components.

2.2. Discriminative representation learning

The objective of discriminative representation learning is to construct a feature space in which
samples belonging to the same class are relatively compact, while samples from different classes
remain sufficiently separated. The classical Fisher discriminant criterion formalizes this principle
through within-class and between-class scatter [10]. In deep learning, related objectives have been
implemented through center loss [4], supervised contrastive learning [3], and other embedding-based
optimization methods.

Let z; € R? denote the learned representation of sample x;. The centroid of class ¢ can be defined

1
MC:N_CZ Zj,

iy;=c
where N, denotes the number of samples belonging to class c.
The within-class scatter matrix is

Sw =i PRCETDICETo

c=11iy;=c
The between-class scatter matrix is

as

C
Sp = Z Ne (e — ) (pe — )7,
c=1

where

[y

im
denotes the overall feature centroid.

A discriminative representation should ideally exhibit relatively small within-class scatter and
sufficiently large between-class scatter. However, optimizing discrimination alone does not explicitly
address information duplication between different network levels.

2.3. Representation similarity and redundancy

The problem of redundancy arises when multiple feature components describe closely related
characteristics of the same input object. Statistical redundancy may be investigated using correlation
coefficients, covariance structures, or representation similarity measures. Barlow Twins introduces a
cross-correlation-based objective that discourages redundant representation dimensions while
preserving consistency between transformed views [5]. VICReg incorporates variance, invariance,
and covariance regularization to support representation learning [6]. Centered Kernel Alignment,
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introduced as a tool for comparing neural representations in [7], provides another perspective on
representational similarity.

For centered representation matrices H, and H,, linear CKA may be written as

Wy T 2
IHq Hpll
IHE Holl IHy Hyll,,

This quantity describes the similarity of the observed representation structures.

Nevertheless, similarity and task-level redundancy are not equivalent. Two feature
representations may exhibit considerable correlation while still providing different information for
classification. Likewise, statistically dissimilar representations are not necessarily discriminative.

Therefore, the proposed theoretical framework distinguishes three related concepts:
representation similarity, geometric complementarity, and discriminative usefulness.

CKA(Hg, Hy) =

2.4. Mathematical formulation of the research problem

Let the aligned feature vectors extracted from different neural network levels be
hy,hy, ...,h, € R%,

The objective is to construct a final representation z; that satisfies the following methodological
requirements. First, the representation should preserve information useful for distinguishing classes.
Second, when a new feature level is incorporated, its contribution should be evaluated relative to
information already represented by preceding levels. Third, the feature construction procedure should
remain numerically stable and compatible with gradient-based learning. The proposed solution is
formulated as a sequential process in which each additional feature representation is decomposed into
an inherited component and a complementary residual.

3 Complementarity-Guided Multi-Level Discriminative Feature Learning

3.1. Construction of the retained feature subspace

The proposed CLCD-RL framework begins by extracting aligned feature vectors from selected

levels of a deep neural network. For the first level, the initial representation is defined as
zy = ¢(hy),

where ¢ represents a normalization function.

For subsequent levels, information already represented by the preceding feature vectors is
summarized through an orthonormal basis.

Let

Bl—l = Rdxrl_l

denote the basis associated with the previously retained feature subspace, where 1;_ is its rank.

The basis is required to satisfy

BLiBi_y=1Iy_,.

For a particular input sample, the basis may be constructed by orthonormalizing previously
accepted feature directions using QR decomposition or singular value decomposition. The
corresponding orthogonal projection matrix is

My = Bi1B;. (2)
The projection matrix satisfies
My =1
and
le—1 = II;_;.

These properties indicate that the operator is symmetric and idempotent. The projection represents
the component of a feature vector belonging to the subspace already retained from preceding levels.
Importantly, the retained basis must be constructed according to an explicitly defined rule.
Orthogonalization by itself does not establish whether a feature direction contains useful class
information.

Problems of Artificial Intelligence and Machine Learning, 2026, Vol. 2, No. 1
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3.2. Decomposition into inherited and complementary components

Consider a feature vector h; extracted from the [-th network level. The component represented by
the preceding feature subspace is

a = Hl—lhl'
The complementary component is defined as
n= g — - (3)

where, I; denotes the d X d identity matrix.
Substituting (2) into (3), we obtain
1 = (I — Bi_1B_h,.
The original feature vector can consequently be decomposed as
hl =q + 7.

The inherited component a; belongs to the retained subspace, whereas 1; is orthogonal to that
subspace. This decomposition provides a mathematically explicit means of distinguishing feature
directions that are represented by preceding levels from directions that are not contained in the
selected retained subspace. The residual 17y is therefore interpreted as a geometrically complementary
component.

However, its orthogonality does not guarantee statistical independence or class-related
informativeness. A residual may also contain noise, background information, or other non-
discriminative variations. For this reason, the proposed framework introduces a task-aware
mechanism for controlling residual inclusion.

3.3. Task-aware selection of complementary features

Not every complementary residual should automatically contribute to the final representation.
The usefulness of a residual depends on its relationship to the classification objective and to the
already accumulated representation. To regulate this contribution, a learnable gating function is
introduced.

Let g, € (0,1) denote a scalar coefficient that controls the contribution of the residual generated

at level L.
The gating function is defined as
h,
oot
Il 7 i,

Where w; is the learnable parameter vector of the gating function; b; is its bias; a(-) denotes the
logistic sigmoid function; || 7 I, is the Euclidean norm of the complementary residual; z;_; is the
accumulated representation obtained from preceding levels.

The coefficient g; is learned through the overall supervised optimization objective. When g;
approaches zero, the corresponding residual contributes little to the updated representation. When g,
approaches one, the residual contribution is increased.

The gating function itself does not directly measure conditional mutual information or feature
importance. Rather, it provides a trainable weighting mechanism whose usefulness must be
established through the classification objective and subsequent analysis.

+ bl> . (4)

3.4. Sequential formation of the discriminative representation

The complementary residual is incorporated into the accumulated representation through an
incremental update.

Let W, € R4*? denote a learnable feature transformation matrix. To preserve the orthogonality
of the transformed residual relative to the previously retained subspace, define

7= (g — i)W,
The updated representation is
W =2 + gify.

After normalization, the representation becomes
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Zi + gin

=- — . (5)
Iz;—1 + giTill, + &
Where, € > 0 is a small constant introduced to ensure numerical stability.

The projected transformation is important because an unrestricted matrix W; may rotate the
residual back into the previously represented subspace. Applying the orthogonal complement
projector after the transformation ensures that

B ,% =0.

When the retained basis contains z;_;, the residual update is also orthogonal to the accumulated
representation. The procedure is repeated for levels [ = 2, ..., L.

Consequently, the final representation z; is formed through the sequential incorporation of
controlled complementary components. The proposed formulation differs from unrestricted
concatenation because each new feature level is explicitly decomposed relative to previously retained
directions before being incorporated. Nevertheless, the quality of the resulting representation remains
dependent on the learned projections, retained rank, gate parameters, and supervised objective.

3.5. Discriminative optimization criterion

The proposed feature construction process must preserve class-related information. For a
classification problem containing C classes, let
Dic = ql/)(ZL,i)C
denote the predicted probability that sample i belongs to class c.
The standard cross-entropy objective is deﬁned as

Leg=—% z 1 (y; = c)logp;c. (6)

l 1c=
Where, 1(-) is the indicator function. Cross- entropy optimizes the relationship between the final

learned representation and the predicted class probabilities. However, this loss does not explicitly
require compact feature distributions within classes or large separation between class centroids. To
address this issue, a discriminative regularization criterion is considered.

For the final representations z ;, define the within-class and between-class scatter matrices as
described in Section 2.2. A normalized Fisher-type discriminative loss is then expressed as

tr(Sw)

tr(Sg) + ¢

The minimization of this ratio encourages a reduction in within-class scatter relative to between-
class scatter. To prevent trivial scaling effects, this criterion is applied to normalized representations.
The discriminative term is calculated only when sufficient class information is available. In particular,
minibatches containing fewer than two represented classes do not provide a meaningful between-
class comparison. The criterion may therefore be evaluated using class-balanced minibatches or
training-only class prototypes maintained across optimization steps.

dis =

3.6. Complementarity regularization

Although orthogonal projection removes the component contained in the retained subspace,
uncontrolled residual incorporation may increase representation complexity. A separate
regularization mechanism is introduced to regulate the contribution of complementary feature
directions.

Let

eir = gi Il iy 13
denote the squared magnitude of the accepted residual contribution for sample i at level [.

Define its mean value as
N L
CTNL- 1)22 Gt

i=11=2
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A bounded activity regularizer can be expressed as
Lcomp = [maX(O’ €min — E)]z + [maX(O'E - emax)]z- (8)
Here, e, and ey, .4 are predefined bounds satisfying
0< €min < €max-

The purpose of this criterion is not to prove that residual energy corresponds to useful information.
Instead, it controls the magnitude of accepted residual contributions and discourages two limiting
situations: a representation in which all residual contributions disappear and one in which residual
contributions become excessively large. The regularizer is zero when the mean accepted residual
energy lies within the prescribed interval. The bounds must be selected using development data and
should not be interpreted as universal constants.

If the projection mechanism is exact, an overlap penalty of the form || B, 7 I3 would vanish
identically. Such a term would therefore provide no additional optimization signal and is not included
as an independent contribution to the proposed loss.

3.7. Stability of learned representations

In addition to discriminative quality, the learned representation should exhibit appropriate
consistency under transformations that preserve the class of the input object. Let t; and t, denote two
label-preserving transformations.

The corresponding representations are

1
7 = 7,(t2(x))
and
2
7 = 7,(t2(x1)).
A representation consistency loss can be defined as

N

1 2

Lstab = ﬁZ”Zfl) - Zi(Z)"z'
i=1

The objective encourages representations obtained from two admissible transformations of the
same object to remain close. However, the transformations must preserve the relevant class
information. Otherwise, enforcing consistency may eliminate discriminative characteristics.

3.8. Combined optimization objective

The overall optimization criterion combines classification, discrimination, complementary
contribution control, and representation consistency:
Ltotal = LCE + AdisLdis + Acomchomp + AstabLstab- (9)
The coefficients
Adis:lcomp' Astab 20
regulate the relative influence of the corresponding objectives.
The parameters of the encoder, alignment operators, gating functions, residual transformations,
and classifier are optimized according to
0" = argmin Li,41(0).
9

Here, © denotes the collection of trainable parameters.

The proposed optimization formulation provides a unified mechanism for forming hierarchical
representations while distinguishing geometric complementarity from supervised discriminative
objectives.

4 Theoretical Properties of the Proposed Approach

4.1. Orthogonality of complementary feature components

Proposition 1. Let B € R?*" be a matrix with orthonormal columns satisfying
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BB =1,.
For any feature vector h € R%, define the complementary residual as
r = (I; — BB")h.
Then r is orthogonal to every column of B.
Proof.
Multiplying both sides by BT, we obtain
B'r=B"(l; — BB")h.
Expanding the expression gives
B'r=B"h—B"BBTh.
Since B'B = I,
B'r=B"™h—I1,B"Th=0.
Therefore,
B'r=0.
This proves that the residual lies in the orthogonal complement of the retained subspace.
The proposition guarantees geometric orthogonality under the chosen Euclidean metric. It does not
guarantee statistical independence or discriminative relevance.

4.2. Energy decomposition of feature representations

Proposition 2. Under the assumptions of Proposition 1, the feature vector can be represented as
the sum of two mutually orthogonal components:

h=BBTh+r.
Consequently,
Il R I3=Il BBTh I3 +Il r II5.

Proof.

Let
a=BB"h.
From Proposition 1, a'r = 0.
Using h = a + r, we obtain
Ilhl3=(a+7r)"(a+T1)
=l a I3+ 2aTr+I 7 113
=l allf +Ir 5.
Hence,
Il 15<l h 113
and therefore
7 <l hll,.

The obtained result demonstrates that orthogonal residual extraction does not increase the
Euclidean norm of the original feature vector. This property applies to the projection operation itself.
It does not imply that the entire neural network is non-expansive or Lipschitz continuous with
constant one.

4.3. Orthogonal residuals and discriminative usefulness

Proposition 3. The existence of a nonzero orthogonal residual does not guarantee an
improvement in classification performance.

Justification.
Suppose the class label Y is completely determined by an existing representation h,. Assume that an
additional feature vector h, contains independent noise unrelated to Y, and that h, is orthogonal to
the retained subspace generated by h;.
In this situation,

r, = h, # 0.

Nevertheless, the additional feature provides no new information about the target label.
Under the stated independence assumption,
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I(Y;r5 1 hy) =0,
where I(-;+]-) denotes conditional mutual information. Thus, the residual is geometrically
complementary but not conditionally informative for classification. This example demonstrates that
subspace orthogonality alone cannot guarantee predictive improvement. The discriminative objective
and task-aware gating mechanism are therefore necessary parts of the proposed formulation, although
their inclusion does not itself guarantee better generalization.

4.4. Interpretation of the sequential representation update

Consider the unnormalized representation update
W =21 + gify.

Assume that z;_; belongs to the previously retained subspace and that

B 7 = 0.
Then,

ZlT_l‘F'l = 0.
Consequently,

I w 15=Il z;—1 15+ g7 Il 7 113

This identity shows that the energy of the unnormalized updated representation can be decomposed
into retained and accepted residual contributions when the orthogonality conditions hold. However,
this equality should not be interpreted as proof that every residual improves feature quality. An
increase in feature energy is not equivalent to an increase in class separability. The role of supervised
optimization is to determine whether the additional representation directions are beneficial for the
learning task.

4.5. Computational complexity

Let d denote the feature dimension and 7;_; the rank of the retained basis at level [.
The multiplication
By

requires approximately O(dr;_;) arithmetic operations.

The subsequent reconstruction

B,_1(B,hy)

has the same asymptotic complexity.

Therefore, when the retained basis is already available, the cost of computing the complementary
residual is

0(dr—4).

Across L levels, the projection-related cost is approximately

L
0 (d Z T'l_1>.
1=2

This estimate excludes the cost of constructing and maintaining the orthonormal basis. Exact
orthogonalization may introduce additional computational overhead, especially when feature
dimensionality and retained rank are large. Low-rank approximations, truncated decompositions, or
stabilized orthogonalization procedures may reduce this cost, but their effects on representation

quality and gradient propagation require separate investigation.

5 Algorithmic Procedure and Methodological Verification

The proposed CLCD-RL method can be expressed as a sequential feature formation algorithm.
The input consists of a labeled training dataset, a deep feature encoder, a set of selected representation
levels, the common feature dimension, and optimization parameters. The output is a trained feature
formation model and its corresponding discriminative representation.
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Algorithm 1. Complementarity-Guided Multi-Level Discriminative Feature Representation
Learning

1. Extract feature tensors from the selected encoder levels.

Transform each tensor into a common d-dimensional feature space using P;.

Initialize the accumulated representation using the first feature level.

Construct an orthonormal basis from the previously retained feature directions.

For each subsequent level, calculate the inherited and orthogonal residual components.
Evaluate the task-aware gate and incorporate the projected residual into the accumulated
representation.

7. Normalize the updated representation and continue until all selected levels have been

processed.

8. Compute the classification, discriminative, complementarity, and stability losses.

9. Update trainable parameters using gradient-based optimization.

10. Return the trained model and final representation z; .

The basis construction procedure requires particular attention. A sample-specific orthonormal

basis and a basis estimated from training batches represent different mathematical formulations.
In the present theoretical model, the basis is defined for each sample using retained feature directions.
This choice makes the orthogonality propositions explicit, but it introduces input-dependent
geometry. A batch-level or globally learned subspace could provide a more stable population
representation, although such an extension would require separate analysis.

The differentiation procedure must also be specified in any implementation. Exact differentiation
through QR or SVD operations may become unstable when singular values coincide or when the
retained rank changes. The use of detached basis updates may improve numerical behavior but
changes the gradients of the optimization problem.

Therefore, differentiable orthogonalization, fixed-rank approximations, and detached subspace
updates should be treated as distinct implementation variants.

AR e

5.1. Theoretical comparison with existing feature formation strategies

The principal characteristics of the proposed formulation can be summarized as follows.

Multi-level Explicit Supervised Conditional residual
Method subspace e . . .

features oo discrimination inclusion

decomposition

Feature Yes No Depends on | No
concatenation training objective
Weighted Yes No Depends on | Weighted, without explicit
feature fusion training objective | residual decomposition
Attention- Yes Generally no Depends on | Attention-based weighting
based fusion training objective
Orthogonal Yes Yes Not necessarily Generally uncontrolled
residual fusion
Proposed Yes Yes Yes Task-aware gating
CLCD-RL

This comparison describes methodological mechanisms rather than observed performance. In
particular, some existing architectures may incorporate combinations of projection, attention,
contrastive learning, and feature decorrelation. The comparison does not establish that such
combinations are absent from the broader literature.

The distinguishing feature of the proposed formulation is its explicitly specified sequential
interaction between retained-subspace construction, residual decomposition, supervised
discrimination, and controlled residual incorporation.

Problems of Artificial Intelligence and Machine Learning, 2026, Vol. 2, No. 1



72 Khandamov Y.Kh.

5.2. Conditions for subsequent experimental verification

Although the present study focuses on theoretical development, the proposed mathematical
framework generates several experimentally testable hypotheses.

First, the impact of residual decomposition should be evaluated against direct feature
concatenation and weighted fusion under matched model capacities.

Second, the contribution of the discriminative objective should be isolated by comparing the
complete formulation with a variant trained only using classification loss.

Third, the task-aware gating mechanism should be examined independently of the residual
projection mechanism.

Fourth, the sensitivity of the method to retained subspace rank, feature dimension, and level
ordering should be analyzed.

Finally, representation similarity and complementary information should be investigated using
suitable diagnostic measures, including CKA and leave-one-level-out ablation.

Any future evaluation should employ independent training, validation, and test partitions. If the
data contain repeated observations of the same object, patient, scene, or spatial region, the
corresponding grouping structure must be preserved during data partitioning. This is important
because inappropriate model selection and repeated use of evaluation data can produce optimistic
performance estimates [11]. The experimental protocol should therefore distinguish between
theoretical properties established by the mathematical formulation and practical benefits that must be
demonstrated using independent data.

6 Discussion

The proposed CLCD-RL framework addresses the problem of constructing discriminative
representations from multiple neural network levels by explicitly considering the relationship
between previously retained features and newly extracted information. The main methodological
principle is that hierarchical feature representations should not be combined without examining their
overlapping components.

A deep feature representation may contain both inherited information and additional directions
that are not represented by preceding levels. The proposed orthogonal decomposition makes this
distinction mathematically explicit. However, the interpretation of the residual requires careful
consideration.

Orthogonality is a geometric property defined relative to a selected feature subspace and
coordinate system. It does not imply statistical independence, semantic novelty, or predictive
usefulness. Similarly, the magnitude of a residual is not a universal measure of its contribution to
classification. A large residual may contain irrelevant information, while a relatively small residual
may describe an important class-specific characteristic.

Consequently, residual extraction is combined with a supervised discriminative objective and a
trainable inclusion mechanism. The discriminative objective encourages compactness within classes
and separation between different classes. The gating function controls the contribution of residual
features during sequential representation construction.

These mechanisms serve different purposes. Orthogonal projection characterizes geometric
complementarity, while supervised optimization determines how the constructed representation
supports the classification task. Another important issue concerns the geometry of the common
feature space. The projection operators P, are trainable, and therefore the coordinates of the aligned
representations depend on the learned transformations.

An orthogonal residual in one representation space need not retain the same interpretation after
an arbitrary change of coordinates. The proposed decomposition is consequently meaningful only
relative to the chosen embedding space, metric, and basis construction procedure.

The retained subspace rank also has a substantial influence on the method. If the retained basis
spans the entire feature space, then

My =14
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and

n = 0.
In this case, no additional complementary direction can be incorporated from the current feature level.
Conversely, if the retained rank is zero, then

Hl—l =0
and

n = hl'
The mechanism then loses its ability to distinguish inherited and complementary directions.

These limiting cases demonstrate that rank selection is an essential component of the formulation.
A fixed rank budget or training-based rank selection criterion may be used to control this property,
although its optimal configuration cannot be determined theoretically for all datasets. The proposed
framework also has limitations related to correlated but complementary information. Two strongly
correlated features may provide useful conditional information for classification. Removing their
overlapping geometric component does not necessarily preserve every relevant nonlinear
relationship. Furthermore, nonlinear dependencies may persist between orthogonal residuals and
retained representations. Thus, the proposed method should not be described as eliminating all
statistical redundancy. It removes linear projections onto the chosen retained subspace under the
adopted Euclidean geometry.

A possible theoretical extension is to replace Euclidean orthogonality with a generalized metric.
Let M € R4*? be a symmetric positive-definite matrix.

A weighted projection operator may be defined as

M, =B(B"MB) 1B M,
provided that the inverse exists.

Such an extension would allow the geometry of the feature space to account for a specified metric.
Nevertheless, learning an appropriate metric introduces additional estimation and optimization
challenges. Another direction concerns conditional information. Ideally, the usefulness of a new
feature level could be characterized through

I(Y; hy | He),
where H.; denotes information retained from preceding levels.

This quantity reflects class-related information contributed by the new representation beyond
what is already available. However, reliable estimation of conditional mutual information in high-
dimensional neural representations is challenging.

The proposed method therefore employs geometric decomposition and supervised optimization
as practical mathematical mechanisms rather than claiming to directly optimize conditional mutual
information. The theoretical contribution of CLCD-RL lies in providing an integrated and explicitly
defined framework for studying these relationships. Its practical superiority over conventional fusion
techniques remains an empirical question and should be evaluated through controlled experiments.

7. Conclusion

This paper presented a theoretical framework for complementarity-guided multi-level
discriminative feature representation learning. The proposed CLCD-RL approach considers
hierarchical feature construction as a sequential process in which representations extracted from
different neural network levels are mapped into a common space and decomposed into previously
represented and complementary components.

An orthogonal subspace projection mechanism was formulated to identify feature directions not
contained in the retained representation subspace. A task-aware gating mechanism was introduced to
regulate the incorporation of these components, while a supervised discriminative criterion was
included to encourage class-related representation quality.

The mathematical analysis established the orthogonality of residual components, the
corresponding energy decomposition, and a bound on the norm of the extracted residual.
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It was also demonstrated that geometric complementarity alone cannot guarantee improved
classification performance or statistical independence.

The proposed formulation therefore distinguishes between the algebraic construction of
complementary feature directions and their task-dependent discriminative usefulness.
The framework provides a theoretical basis for investigating hierarchical feature formation through
subspace decomposition and supervised learning. Future research should examine its practical
effectiveness using independent datasets, matched multi-level fusion baselines, component ablations,
and analyses of rank sensitivity, computational complexity, and representation stability.
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KOMPLEMENTARLIKKA ASOSLANGAN KO‘P DARAIJALI
DISKRIMINATIV BELGILAR FAZOSINI SHAKLLANTIRISH

*Xandamov Y.X.

*yxandamov@gmail.com
Ragamli texnologiyalar va sun’iy intellektni rivojlantirish ilmiy-tadqiqot instituti

Annotatsiya. Chuqur neyron tarmoqlarda an’anaviy ko‘p darajali belgilarni birlashtirish usullari tarmoqning
oldingi qatlamlarida shakllangan axborotdan yangi, komplementar belgilarni to‘liq ajratib bera olmaydi, bu esa
ortigcha (redundant) komponentlar paydo bo‘lishiga olib keladi. Ushbu maqolada komplementarlikka
asoslangan ko‘p darajali diskriminativ belgilar ifodasini o‘rganish (CLCD-RL) nazariy konsepsiyasi taklif
etilgan. Yondashuv doirasida turli darajalardagi belgilar umumiy fazoga o‘tkaziladi va ortogonal qism-fazo
proyeksiyalash mexanizmi yordamida avvalgi va komplementar komponentlarga ajratiladi. Residual
komponentlar ulushi vazifaga mos geyt funksiyasi bilan boshgqariladi, diskriminativ maqgsad funksiya esa
sinflararo maksimal ajralishni ta’minlaydi. Taqdim etilgan matematik apparat va nazariy tahlillar komplementar
komponentlarning diskriminativ samaradorligini asoslab beradi hamda iyerarxik belgilarni shakllantirish uchun
mustahkam poydevor yaratadi.

Kalit so‘zlar: chuqur o‘qitish, ko‘p darajali belgilar reprezentatsiyasi, diskriminativ o‘rganish, komplementar
belgilar, ortogonal proyeksiya, belgilar ortiqchaligi, iyerarxik reprezentatsiya, neyron tarmogqlar.

®OPMWPOBAHUE MHOIOYPOBHEBOIO
ONCKPUMUHATUBHOIO NPOCTPAHCTBA NPU3HAKOB HA
OCHOBE KOMNNEMEHTAPHOCTH

“Xanoamoe U.X.

*yxandamov@gmail.com
Hayuno-uccnenoBaTenbCKuii MTHCTUTYT Pa3BUTUS UPPOBHIX TEXHOJIOTHI U UCKYCCTBEHHOTO
WHTEIJIEKTa

AnHoTtanus. TpaguIMOHHBIE METOABI MHOTOYPOBHEBOTO CIIHSHHS NPU3HAKOB B TITyOOKHX HEHPOHHBIX CETAX
HE Pa3JelsiioT SIBHBIM 00pa3oM HOBYIO KOMIUIEMEHTAPHYI0 MH()OPMALUIO OT IPU3HAKOB HPEIBIAYIINX CIIOEB,
MOPO>XKAast U30BITOYHOCTH NpeACTaBIeHUH. B manHO paboTte npeuiokeHa TeopeTnaeckast KOHIEI 00ydeHuUs
MHOT'OYPOBHEBBIM JHCKPUMHHATUBHBIM IIPEICTABICHUsIM Ha ocHoBe KomrmiemeHTapHoctH (CLCD-RL). B
paMKax Mojxojia MPU3HAKU Pa3HbIX yPOBHEH 0TOOpaKaloTcs B €AMHOE IPOCTPAHCTBO U JIEKOMIIO3UPYIOTCS Ha
0a30Bble W KOMIUIEMEHTApHBIE KOMIIOHEHTHI C TIOMOINBI0 MEXaHH3Ma OPTOTOHAJIBHOTO IPOEIHMPOBAHUS B
MOJIPOCTPAHCTBO. BKiTag 0CTaTOYHBIX KOMIIOHEHTOB PETYIUPYETCS aJanTUBHON (PYHKIMEH BEHTHIMPOBAHUS
(gating), a ONTUMHU3AIOHHBIN TUCKPUMHHATUBHBIN KpUTEpHii 0O0ecrieunBaeT KOMIIAKTHOCTh BHYTPH KIACCOB U
pa3genuMoCTh MeXAy HAMH. Pa3paOoTaHHBINI MaTeMaTHUecKWil ammapaT OOOCHOBBIBACT — yCIOBHUSA
3¢ GEKTHBHOCTH KOMIJIEMEHTApHBIX TIPH3HAKOB M CO3MA€T TEOPETHUYECKYI0 OCHOBY IS HEPapXUIECKUX
[IPEICTaBICHUN.

KaroueBble cioBa: FJ'Iy6OKO€ O6yq€HI/IC, MHOTOYPOBHEBOC MNPEACTABJICHUEC IPU3HAKOB, JUCKPUMHWHATHBHOC
06y‘lCHH€, KOMIUIEMCHTAPHBIC [PU3HAKHW, OPTOrOHAJIBHOC IIPOCHUPOBAHNC, H30BITOYHOCTD IMMPpU3HAKOB,
HCPAPXUICCKOC NPEACTABICHUC, HeﬁpOHHLIC CCTH.
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